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Abstract 


The  ideal  boundary  of  a discontinuity  is  defined  as  that  boundary  along 
which  there  is  no  stress  concentration.  Photoelastically  an  isochromatic 
coincides  with  the  ideal  boundary.  This  property  is  used  to  develop  experi- 
mentally ideal  boundaries  for  some  cases  of  technological  interest.  The 
concept  of  "coefficient  of  efficiency"  is  introduced  to  evaluate  the  degree 
of  optimization.  The  procedure  to  idealize  boundaries  is  illustrated  for  the 
two  cases  of  the  circular  tube  and  of  the  perforated  rectangular  plate,  with 
prescribed  functional  restraints  and  a particular  criterion  for  failure.  An 
ideal  design  of  the  inside  boundary  of  the  tube  is  developed  which  decreases 
its  maximum  stress  by  25%,  at  the  time  it  also  decreases  its  weight  by  10%. 
The  efficiency  coefficient  is  increased  from  0.59  to  0.95.  Tests  with  a 
brittla  material  show  an  increase  in  strength  of  20%.  An  ideal  design  of 
the  boundary  of  the  hole  in  the  plate  reduces  the  maximum  stresses  by  26% 
and  increases  the  coefficient  of  efficiency  from  0.54  to  0.90. 
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Previous  Technical  Reports  to  the  Office  of  Naval  Research 


1.  A.  J.  Durelli,  "Development  of  Experimental  Stress  Analysis  Methods  to 
Determine  Stresses  and  Strains  in  Solid  Propellant  Grains" — June  1962. 
Developments  in  the  manufacturing  of  grain-propallant  models  are 
reported.  Two  methods  are  given;  a)  cementing  routed  layers  and 

b)  casting. 

2.  A.  J.  Durelli  and  V.  J.  Parks,  "New  Method  to  Determine  Restrained 
Shrinkage  Stresses  in  Propellant  Grain  Models" — October  1962. 

The  birefringence  exhibited  in  the  curing  process  of  a partially 
restrained  polyurethane  rubber  is  used  to  determine  the  stress  associated 
with  restrained  shrinkage  in  models  of  solid  propellant  grains  partially 
bonded  to  the  case. 

3.  A.  J.  Durelli,  "Recent  Advances  in  the  Application  of  Photoelasticity  in 
the  Missile  Industry" — October  1962. 

Two-  and  three-dimensional  photoelastic  analysis  of  grains  loaded  by 
pressure  and  by  temperature  are  presented.  Some  applications  to  the 
optimization  of  fillet  contours  and  to  the  redesign  of  case  joints  are 
also  included. 

4.  A.  J.  Durelli  and  V.  J.  Parks,  "Experimental  Solution  of  Some  Mixed 
Boundary  Value  Problems" — April  1964. 

Means  of  applying  known  displacements  and  known  stresses  to  the  boundaries 
of  models  used  in  experimental  stress  analysis  are  given.  The  applica- 
tion of  some  of  these  methods  to  the  analysis  of  stresses  in  the  field 
of  solid  propellant  grains  is  illustrated.  The  presence  of  the  "pinching 
effect"  is  discussed. 

5.  A.  J.  Durelli,  "Brief  Review  of  the  State  of  the  Art  and  Expected  Advance 
in  Experimental  Stress  and  Strain  Analysis  of  Solid  Propellant  Grains" — 
April  1964. 

A brief  review  is  made  of  the  state  of  the  experimental  stress  and  strain 
analysis  of  solid  propellant  grains.  A discussion  of  the  prospects  for 
the  next  fifteen  years  is  added. 

6.  A.  J.  Durelli,  "Experimental  Strain  and  Stress  Analysis  of  Solid  Propellant 
Rocket  Motors" — March  1965. 

A review  is  made  of  the  experimental  methods  used  to  strain -analyze  solid 
propellant  rocket  motor  shells  and  grains  when  subjected  to  different 
loading  conditions.  Methods  directed  at  the  determination  of  strains  in 
actual  rockets  are  included. 

7.  L.  Ferrer,  V.  J.  Parks  and  A.  J.  Durelli,  "An  Experimental  Method  to  Analyze 
Gravitational  Stresses  in  Two-Dimensional  Problems" — October  1965. 
Photoelasticity  and  moire  methods  are  used  to  solve  two-dimensional  problems 
in  which  graviry-stresses  are  present. 


li 


3.  A.  J.  Durelli,  V.  J.  Parks  and  C.  J.  del  Rio,  "Stresses  in  a Square  Slab 
Bonded  on  One  Face  to  a Rigid  Plate  and  Shrunk"— November  1965. 

A square  epoxy  slab  was  bonded  to  a rigid  plate  on  one  of  its  j.aces  in 
the  orocess  of  curing.  In  the  same  process  the  photoelastic  efi.ects 
associated  with  a state  of  restrained  shrinkage  were  "frozen-in." 
Three-dimensional  photoelasticity  was  used  in  the  analysis. 

3.  A.  J.  Durelli,  V.  J.  Parks  and  C.  J.  del  Rio,  "Experimental  Determination 
of  Stresses  and  Displacements  in  Thick-Wall  Cylinders  of  Complicated 
Shape" — April  1966. 

Photoelasticity  and  moire  are  used  to  analyze  a three-dimensional  rocket 
shape  with  a star  shaped  core  subjected  to  internal  pressure. 

10.  V,  J.  Parks,  A.  J.  Durelli  and  L.  Ferrer,  "Gravitational  Stresses 
Determined  Using  Immersion  Techniques" — July  1966. 

The  methods  presented  in  Technical  Report  No.  7 above  are  extended  to 
three-dimensions.  Immersion  is  used  to  increase  response. 

11.  A.  J.  Durelli  and  V.  J.  Parks.  "ExperLmental  Stress  Analysis  of  Loaded 
Boundaries  in  Two-Dimensional  Second  Boundary  Value  Problems" — 

February  1967 . 

The  pinching  effect  that  occurs  in  two-dimensional  bonding  problems, 
noted  in  Reports  2 and  4 above,  is  analyzed  in  some  detail. 

12.  A.  J.  Durelli,  V.  J.  Parks,  H.  C.  Feng  and  F.  Chiang,  "Strains  and 
Stresses  in  Matrices  with  Inserts," — May  1967. 

Stresses  and  strains  along  the  interfaces,  and  near  the  fiber  ends,  for 
different  fiber  end  configurations,  are  studied  in  detail. 

13.  A.  J.  Durelli,  V.  J.  Parks  and  S.  Uribe,  "Optimization  of  a Slot  End 
Configuration  in  a Finite  Plate  Subjected  to  Uniformly  Distributed 
Load," — June  1967. 

Two-dimensional  photoelasticity  was  used  to  study  various  elliptical  ends 
to  a slot,  and  determine  which  would  give  the  lowest  stress  concentration 
for  a load  normal  to  the  slot  length. 

14.  A.  J.  Durelli,  '/.  J.  Parks  and  Han -Chow  Lee,  "Stresses  in  a Split 
Cylinder  Bonded  to  a Case  and  Subjected  to  Restrained  Shrinkage," — 

January  1968. 

A three-dimensional  photoelastic  study  that  describes  a method  and 
shows  results  for  the  stresses  on  the  free  boundeiries  and  at  the 
bonded  interface  of  a solid  propellant  rocket. 

15.  A.  J.  Durelli,  "Experimental  Stress  Analysis  Activities  in  Selected 
European  Laboratories" — August  1963. 

This  report  has  been  written  following  a trip  conducted  by  zhe  author 
riurough  several  European  countries.  A list  is  given  of  many  of  the 
laboratories  doing  important  experimental  stress  analysis  work  and  of 
the  people  interested  in  this  kind  of  work.  .An  attempt  has  been  made 
to  abstract  the  main  characteristics  of  the  methods  used  in  some  of 
the  countries  visited. 
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16.  7.  J.  Parks,  A.  J.  Dureiii  and  L.  Ferrer,  "Consrant  Acceleration  Stresses 
in  a Composite  3ody"--Cctober  1966. 

Use  of  the  immersion  analogy  to  determine  gravitational  stresses  in 
two-dLmensional  bodies  made  of  materials  with  different  properties. 

17.  A.  J.  Durelli,  J.  A.  Clark  and  A.  Kochev,  "Experimental  Analysis  of  High 
Frecuency  Stress  Waves  in  a Ring" — October  1968. 

A me'thod  for  the  complete  experimental  determination  of  dynamic  stress 
distributions  in  a ring  is  demonstrated.  Photoelastic  data  is  supple- 
mented by  measurements  with  a capacitance  gaga  used  as  a dynamic  lateral 
extensometer. 

18.  J.  A.  Clark  and  A.  J.  Durelli,  "A  Modified  Method  of  Holographic  Inter- 
ferometry for  Static  and  Dynamic  Photoelasticity" — April  1963. 

A simplified  absolute  retardation  approach  to  photoelastic  analysis  is 
described.  Dynamic  isopachics  are  presented. 

19.  J.  A.  Clark  and  A.  J.  Durelli,  "Photoelastic  Analysis  of  Flexural  Waves 
in  a Bar" — May  1969. 

A complete  direct,  full-field  optical  determination  of  dynamic  stress 
distribution  is  illustrated.  The  method  is  applied  to  the  study  of 
flexural  waves  propagating  in  a urethane  rubber  bar.  Results  are 
compared  with  approximate  theories  of  flexiural  waves. 

20.  J.  A.  Clark  and  A.  J.  Durelli,  "Optical  Analysis  of  Vibrations  in 
Continuous  Media" — June  1969. 

Optical  methods  of  vibration  analysis  are  described  which  are  independent 
of  assumptions  associated  with  theories  of  wave  propagation.  Methods  are 
illustrated  with  srudies  of  transverse  waves  in  prestressed  bars,  snap 
loading  of  bars  and  motion  of  a fluid  surrounding  a vibrating  bar. 

21.  V.  J.  Parks,  A.  J.  Durelli,  K.  Chandrashekhara  and  T.  L.  Chen,  "Stress 
Distribution  Around  a Circular  Bar,  with  Flat  and  Spherical  t.nds. 

Embedded  in  a Matrix  in  a Triaocial  Stress  Field" — July  1969. 

A Three-dLmensional  photoelastic  method  to  determine  stresses  in  composite 
materials  is  applied  to  this  basic  shape.  The  analyses  of  models  with 
different  loads  are  combined  to  obtain  stresses  for  the  triaxual  cases. 

22.  A.  J.  Dureiii,  V.  J.  Parks  and  L.  Ferrer,  "Stresses  in  Solid  and  Hollow 
Spheres  Subjected  to  Gravity  or  to  Normal  Surface  Tractions" — 

October  1969. 

The  method  described  in  Report  No.  10  above  is  applied  to  two  specific 
problems . An  approach  is  suggested  to  extend  the  solutions  to  a class 
of  surface  traction  problems- 

23.  J.  A.  Clark  and  A.  J.  Durelli,  "Separation  of  Additive  and  Subtractive 
Moire  Patterns "--December  1969. 

A spatial  filtering  technique  for  adding  and  subtracting  images  of  several 
gratings  is  described  and  employed  to  determine  the  whole  field  of 
Cartesian  shears  and  rigid  rotations. 
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24.  R.  J.  Sanford  and  A.  J.  Durelli,  "Interpretation  of  Fringes  in  Stress- 
Holo- Interferometry" — July  1370. 

Errors  associated  with  interpreting  stress-.holo-interreroraetry  patterns 
as  the  superposition  of  isopachios  (with  naif  order  fringe  shifts)  and 
isochromatics  are  analyzed  theoretically  and  illustrated  with  computer 
generated  holographic  interference  patterns. 

25.  J.  A.  Clark,  A.  J.  Durelli  and  ?.  A.  Laura,  ’_'0n  the  ^fect  of  Initial 
Stress  on  the  Propagation  of  Flexural  Waves  in  Elastic  Rectangular 
Bars" — December  1970. 

Experimental  analysis  of  the  propagation  of  flexural  waves  in  prismatic, 
elastic  bars  with  and  without  prestressing . The  effects  of  prestressing 
by  axial  tension,  axial  compression  and  pure  bending  are  illustrated. 

26.  A.  J.  Durelli  and  J.  A.  Clark,  "Experimental  Analysis  of  Stresses  in  a 
Buoy-Cable  System  Using  a Birefringent  Fluid" — February  1971. 

An  extension  of  the  method  of  photoviscous  analysis  is  presented  which 
permits  quantitative  studies  of  strains  associated  with  steady  state 
vibrations  of  immersed  structures.  The  method  is  applied  in  an 
investigation  of  one  form  of  behavior  of  buoy-cable  systems  loaded  by 
the  action  of  surface  waves. 

27.  A.  J.  Durelli  and  T.  L.  Chen,  "Displacements  and  Finite-Strain  Fields  in 
a Sphere  Subjected  to  Large  Deformations"— February  1972. 

Displacements  and  strains  (ranging  from  0.001  to  0.50)  are  determined  in 

a poljnirethane  sphere  subjected  to  several  levels  of  diametral  compression. 
A 500  lines-per-inch  grating  was  embedded  in  a meridian  plane  of  the 
sphere  and  moire  effect  produced  with  a non-deformed  master.  The  maximum 
applied  vertical  displacement  reduced  the  diameter  of  the  sphere  by  27 
per  cent. 

28.  A.  J.  Durelli  and  S.  Machida,  "Stresses  and  Strain  in  a Disk  with  Variable 
Modulus  of  Elasticity" — March  1972. 

A transparent  material  with  variable  modulus  of  elasticity  has  been 
manufactured  that  exhibits  good  photoelastic  properties  and  can  also  be 
strain  analyzed  by  moire.  The  results  obtained  suggests  that  the  stress 
distribution  in  t.he  homogeneous  disk.  It  also  indicates  that  the  strain 
fields  in  both  cases  are  very  different,  but  that  it  is  possible,  approxi- 
mately, to  obtain  the  stress  field  from  the  strain  field  using  the  value 
of  E at  every  point,  and  Hooke's  law. 

29.  A.  J.  Durelli  and  J.  Buitrago,  "State  of  Stress  and  Strain  in  A Rectangular 
Belt  Pulled  Over  a Cylindrical'  P'ulley" — June  1972. 

Two-  and  t.hree-dimensional  photoelasticit^/  as  well  as  electrical  strain 
gages,  dial  gages  and  micrometers  are  used  to  determine  the  stress 
distribution  in  a belt-pulley  system.  Contact  and  tangential  stress  for 
various  contact  angles  and  friction  coefficients  are  given. 


30.  T.  L.  Chen  and  A.  J.  Durelli,  "Stress  Field  in  a Sphere  Subjected  to 
Large  Deformations" — June  1972. 

Strain  fields  obtained  in  a sphere  subjected  to  large  diametral  compressions 
from  a previous  pacer  were  converted  into  stress  fieuds  using  two  approaches. 
First,  the  concept  of  strain-energy  function  for  an  isotropic  elastic 
body  was  used.  Then  the  stress  field  was  determined  with  the  Hookean 
type  natural  stress -natural  strain  relation.  The  results  so  obtained 
were  also  compared. 

31.  A.  J.  Durelli,  V.  J.  Parks  and  H.  M.  Hasseem,  "Helices  Under  Load"— 

July  1973. 

Previous  solutions  for  the  case  of  close  coiled  helical  springs  and  for 
helices  made  of  thin  bars  are  extended.  The  complete  solution  is 
presented  in  graphs  for  the  use  of  designers.  The  theoretical  development 
is  correlated  with  experiments. 

32.  T.  L.  Chen  and  A.  J.  Durelli,  "Displacements  and  Finite  Strain  Fields  in 
a Hollow  Sphere  Subjected  to  Large  Elastic  Deformations"— September  1973. 

The  same  methods  described  in  No.  27,  were  applied  to  a hollow  sphere 
with  an  inner  diameter  one  half  the  outer  diameter.  The  hollow  sphere 
was  loaded  up  to  a strain  of  30  per  cent  on  the  meridian  plane  and  a 
reduction  of  the  diameter  by  20  per  cent. 

33.  A.  J.  Durelli,  H.  H.  Hasseem  and  V.  J.  Parks,  "New  Experimental  Method 
in  Three-Dimensional  Elastostatics" — December  1973. 

A new  material  is  reported  which  is  unique  among  three-dimensional 
stress-freezing  materials,  in  that,  in  its  heated  (or  rubbery)  stats 
it  has  a Poisson's  ratio  which  is  appreciably  lower  than  0.5.  For  a 
loaded  model,  made  of  this  material,  the  unique  property  allows  the 
direct  determination  of  stresses  from  strain  measurements  taken  at 
interior  points  in  the  model. 

34.  J.  Wolak  and  V.  J.  Parks,  "Evaluarion  of  Large  Strains  in  Industrial 
Applications" — April  1974. 

It  was  shown  that  Mohr's  circle  permits  the  transformation  of  strain  from 
one  axis  of  reference  to  another,  irrespective  of  the  magnitude  of  the 
strain,  and  leads  to  the  evaluation  of  the  principal  strain  components 
from  t.he  measurement  of  direcr  strain  in  three  directions. 

35.  A.  J.  Durelli,  "Experimental  Stress  Analysis  Activities  in  Selected 
European  Laboratories" — April  1975. 

Continuation  of  Report  No.  15  after  a visit  to  3elgi\mi,  .Holland,  Germany, 
France,  Turkey,  England  and  Scotland. 

36.  A.  J.  Durelli,  V.  J.  Parks  and  J.  0.  Biihler-Vidal,  "Linear  and  Non-linear 
Elastic  and  Plastic  Strains  in  a Plate  with  a Big  Hole  Loaded  Axially  in 
its  Plane" — July  1975. 

Strain  analysis  of  the  ligament  of  a plate  with  a big  hole  indicates  t.nat 
both  geometric  and  material  non-linearity  may  take  place.  The  strain 
concentration  factor  was  found  to  vary  frcm  1 to  2 depending  on  the  level 
of  deformation. 
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37.  J.  Durelli,  V.  Pavlin,  J.  0.  3uhier-Vidal  and  G.  Ome,  "Elascoscacics 
of  a Cubic  Box  Subjected  to  Concentrated  Loads" — August  1975. 

Analysis  of  experimental  strain,  stress  and  deflection  of  a cubic  box 
subjected  to  concentrated  loads  applied  at  the  center  of  two  opposite 
faces.  The  ratio  between  the  inside  span  and  the  wail  thickness  was 
varied  between  approximately  5 and  121. 

38.  A.  J.  Durelli,  V.  J.  Parks  and  J.  0.  BUhler-Vidal,  "Elastostatics  of 
Cubic  Boxes  Subjected  to  Pressure" — March  1976. 

Experimental  analysis  of  strain,  stress  and  deflections  in  a cubic  box 
subjected  to  either  internal  or  external  pressure.  Inside  span-to-wall 
thickness  ratio  varied  from  5 to  14. 

39.  Y.  Y.  Hung,  J.  D.  Hovanesian  and  A.  J.  Durelli,  "New  Optical  Method  to 
Determine  Vibration-Induced  Strains  with  Variable  Sensitivity  After 
Recording" — November  1976. 

A steady  state  vibrating  object  is  illuminated  with  coherent  light  and 
its  image  slightly  misfocused.  The  resulting  specklegram  is  "time- 
integrated"  as  when  Fourier  filtered  gives  derivatives  of  the  vibrational 
amp  li  tude . 

40.  Y.  Y.  Hung,  C.  Y.  Liang,  J.  D.  Hovanesian  and  A.  J.  Durelli,  "Cyclic 
Stress  Studies  by  Time-Averaged  Photoelasticity" — November  1976. 
"Time-averaged  isochromatics"  are  formed  when  the  photographic  film  is 
exposed  for  more  than  one  period.  Fringes  represent  amplitudes  of  the 
oscillating  stress  according  to  the  zeroth  order  Bessel  function. 

41.  Y.  Y.  Hung,  C.  Y.  Liang,  J.  D.  Hovanesian  and  A.  J.  Durelli,  "Time- 
Averaged  Shadow  Moirfi  Method  for  Studying  Vibrations" — November  1976. 
Time-averaged  shadow  moir^  permits  the  determination  of  the  amplitude 
distribution  of  the  deflection  of  a steady  vibrating  plate. 

42.  J.  Buitrago  and  A.  J.  Durelli,  "On  the  Interpretation  of  Shadow-Moird 
Fringes" — April  1977. 

Possible  rotations  and  translations  of  the  grating  are  considered  in  a 
general  expression  to  interpret  shadow-moir^  fringes  and  on  the 
sensitivity  of  the  method.  Application  to  an  inverted  perforted  tube. 

43.  J.  der  Hovanesian,  "18th  Polish  Solid  Mechanics  Conference."  Published  in 
European  Scientific  Notes  of  the  Office  of  Naval  Research,  in  London, 
England,  Dec.  31,  1976. 

Comments  on  the  planning  and  organization  of,  and  scientific  content  of 
paper  presented  at  the  18th  Polish  Solid  Mechanics  Conference  held  in 
Wisla-Jawornik  from  September  7-14,  1976. 

44.  A.  J.  Durelli,  "Th^  Difficult  Choice,"  — May  1977. 

The  advantages  and  limitations  of  methods  available  for  the  analyses 
of  displacements,  strain,  and  stresses  are  considered.  Comments  are 
made  on  several  theoretical  approaches,  in  particular  approximate, 
methods,  and  attention  is  concentrated  on  experimental  methods:  photo- 
elasticity, moird,  brittle  and  photoelastic  coatings,  gages,  grids, 
holography  and  speckle  to  solve  two-  and  three-dimensional  problems  in 
elasticity,  plasticity,  dynamics  and  anisotropy. 
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C.  Y.  Liang,  Y.  Y.  Hung,  A.  J.  Durelli  and  J.  D.  Hovanesian, 

"Direct  Determination  of  Flexural  Strains  in  Plates  Using  Projected 
Gratings,"  — June  1977 

The  method  requires  the  rotation  of  one  photograph  of  the  deformed 
grating  over  a copy  of  itself.  The  moire  produced  yields  strains  by 
optical  double  differentiation  of  deflections.  Applied  to  projected 
gratings  the  idea  permits  the  study  of  plates  subjected  to  much  larger 
deflections  than  the  ones  that  can  be  studied  with  holograms. 


Introduction 


Some  fifty  years  ago  the  subject  of  stress  concentrations  deserved  a 
great  deal  of  interest  from  scientists  and  engineers.  Clianges  in  tlie 
uniform  sluice  o*^  a component  dLsturb  Llie  stress  distribution,  and  most  of 
tlie  time  increases  Llic  maximum  stress.  This  lacL  was  iikeiy  to  have  an 
influence  on  failure  and  excited  the  imagination  of  theoreticians  first, 
and  experimentalists  later,  to  find  means  to  determine  the  value  of  the 
increase  in  stress.  Kirsch^^^  was  probably  the  first  one  who  obtained  a 
meaningful  answer  to  the  problem  when  he  presented  the  equations  giving  the 
stress  distribution  around  an  empty  circular  hole.  Today,  several  handbooks 
summarize  the  findings  on  stress  concentrations  and  make  them  available  to 
cnginciTS  in  .in  easy- 1 o-usc  form.  Among  the  most  pcqiular,  the  IBooks  by 
IVtcrson^”^  and  Koark^^^  can  be  mentioned. 

Scientists  and  engineers ,a£ ter  worrying  about  the  increase  in  stress 
associated  with  changes  in  shape, are  beginning  to  consider  now  the  possi- 
bility of  controlling  those  changes  to  minimize  the  stress  and  optimize  the 
shape.  It  seems  logical  in  the  development  of  these  studies  that  the 
opt Iniizii tion  of  shapes  has  to  follow  the  knowledge  of  the  stress  concen- 
trations. The  subject  is  of  particular  importance  today  when  mankind  will 
be  making  a strong  effort  to  save  energy  and  materials.  The  methods  and 
criteria  to  be  presented  in  this  paper  are  general,  but  the  new  examples  of 
application  have  been  selected  less  for  the  technological  importance  than  as 
illustrations  and  means  of  exciting  the  imagination  of  designers  and  students. 
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j)  Previous  Contributions 

Optimization  of  the  sliape  of  fillets  .md  holes  in  stress  fields  has 

interested  few  people  so  far.  One  of  tlie  first  references,  by  implication,  ! 

• (4)  ' 

I can  be  found  in  a discussion  by  Kichmond  of  a paper  by  Mindlin.  It  is  I 

pointed  out  that  if  a square  tunnel  with  rounded  corners  is  present  in  a 

sem i-s|>ace,  tiu’re  is  ;i  particular  v.i  1 ue  ot  the  r.ulius  of  the  fillets  at  the 

^ corners  of  the  square  that  will  optimize  the  stress  distribution.  Whether 

the  value  of  the  radius  is  smaller  or  larger  than  ^ , D being  the  side  of 

the  square,  the  stress  concentration  will  increase. 

An  important  contribution  was  made  in  an  early  paper  by  Uerkey^^^  who 

I studied  systematically  the  stress  concentration  associated  with  elliptical 

I 

fillets  with  the  purpose  of  reducing  the  concentration  at  a shoulder.  The 
.attempts  by  Baud^^^  and  by  Lansard^^^  should  be  mentioned  in  spite  of  the 
unfortimaLe  reference  to  a non-existing  analogy.  Some  further  reference  to 

/ O V 

the  problem  is  implied  in  a section  in  Peterson's  handbook^  when  the  study 
of  concentrations  associated  with  noncircular  fillets  is  introduced. 

Kuske^^^  refers  to  the  problem  but  it  is  in  Heywood ' s books 

where  the  subject  has  been  dealt  with  more  extensively,  and  in  a more 
practical  way. 

Sometime  ago  the  author  used  the  concept  of  an  ideal  fillet,  defined  it 
as  a fillet  without  stress  concentration  and  related  it  photoelastically  to 
the  coincidence  of  the  boundary  with  an  isochromatic  fringe.  Some  references 
can  be  found  in  a book^^^\  reports  and  early  papers Recently 
I'rancavilla  et  al^^^^  attempted  the  optimization  of  fillets  using  finite 
element  methods.  The  geometries  they  obtained , however  , show  some  stress 
concentration.  In  this  paper,  besides  reviewing  the  problem  of  the 


optimization  of  holes  and  fillets,  tlie  concept  of  efficiency  factor  will  he 
introduced,  and  attempts  will  be  made  at  optimizing  complete  boundaries , even 
those  subjected  to  stresses  of  opposite  signs. 

For  the  purpose  of  completeness  it  should  be  mentioned  that  another 
approach  has  been  followed  sometimes,  with  the  same  objective  of  increasing 
strength  by  decreasing  weight.  It  consists  in  adding  new  discontinuities  to 
the  original  one.  So  it  can  be  shown  that  a row  of  holes,  or  fillets  may 
produce  a smaller  stress  concent  rat  ion  than  a single  hole,  or  lillet.  One 
of  the  first  contributions  to  this  method  was  made  by  Thum  and  Svenson 
Further  studies  can  be  found  in  other  papers  by  one  of  the  authors 
and  more  recently  by  Erickson  and  Riley  . The  scope  of  this  paper  is 

limited  to  the  optimization  by  changing  the  contour  of  the  discontinuity. 


Approach  to  the  Solution 

It  is  possible  to  use  a computer  and  an  appropriate  program  to  develop 
a contour  chat  will  minimize  tlie  stress  as  was  done  in  It  seems  more 

efficient,  however,  to  use  photoelasticity.  Two-dimensional  photoelasticity 
is  very  well  developed  by  now,  and  the  machining  of  models  and  the  photo- 
graphing of  records  can  be  done  as  routine  operations  in  well-organized 
laboratories.  The  optimization  can  be  accomplished  by  manual  filing  of 
buuiidaries  .is  suggesled  in  (lil). 

The  proposed  method  has  already  been  applied  to  the  solution  of  two 
problems  of  technological  interest:  1)  the  tip  of  the  several  rays  of  stars 
in  perforated  solid  propellant  grains  used  for  rocket  propulsion,  and  2) 
the  transition  between  the  blade  and  the  dove-tail  joint  in  a turbine. 

The  tip  of  the  star  in  solid  propellant  grains  was  originally  designed 
either  with  one  circular  fillet  tangent  to  the  two  sides  of  each  ray  or  with 
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a flat  botton  connected  through  two  small  circular  fillets  to  the  sides  of 
each  lay  (I’ii',.  1).  In  tlie  first  case  the  maximum  stress,  given  in  a photo- 
clastic  moilcl  by  the  maximum  order  of  the  isochromatic  fringe,  is  at  the 
axis  lit  the  ray.  in  the  second  case,  left  side  of  I'ig.  1,  the  maximum 
stress  takes  place  at  the  corners.  It  can  be  observed  that  at  these  points 
botli  the  fringe  order  and  the  density  of  the  fringes  are  higlier.  A very 
small  amount  of  material  at  the  boundary  of  the  fillet  is  subjected  to  a 
very  high  stress. 

The  second  example  refers  to  the  transition  between  the  blade  and  the 
dove-tail  that  joins  it  to  the  rotor  of  the  turbine.  It  was 
originally  designed  using  circular  fillets,  of  relatively  large  radii  in 
this  case,  as  shown  on  the  left  of  Tig.  2.  The  isochromatic  pattern  in  the 
phoLoelastic  model  indicates  dense  fringes  witli  a high  order  at  the  bottom 
of  the  fillet. 

Tlie  appearance  of  isochromatic  fringes  at  the  boundary  of  ideal  fillets 
is  shown  on  the  right  side  of  Tigs,  i and  2.  The  deciding  characteristic  is 
that  a fringe  coincides  with  appreciable  length  of  the  boundar'  of  the 
fillet,  l^^hen  the  boundary  intersects  another  fringe  the  latter  is  of  a 
lower  order.  Strain,  and  energy,  therefore  are  not  concentrated  on  a small 
portion  of  tlio  boundary  but  distributed  on  a long  pari  of  it.  An  even  more 
striking  example  is  shown  in  Fig.  3 which  represents  the  tip  of  a 
star  in  a solid  propellant  grain. 

The  transformation  of  the  shape  from  the  original  design  to  the  optimum 
design  sliown  on  Llio  right  side  of  the  figures  can  be  done  in  a relatively 
short  time  with  a hand  file.  The  operator  starts  removing  material  by  filing 
off  zones  of  low  stress.  This  decreases  the  order  of  the  fringe  at  the  zone 
of  concentration  and  increases  it  at  the  zone  of  low  stress.  If  the 
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operator  can 
wliilo  reaches 


. uiuliir  I I'll  ill  .1  l.irc.i'  lield  ilifliised  lip.l't  polariscope  the 
watch  the  transferring  of  fringes  as  lie  files  and  in  a short 
the  moment  when  one  single  fringe  coincides  with  the  boundary 


of  the  model.  Tlie  manual  operation  of  filing  may  introduce  some  logical 
irregularities  as  shown  in  Fig.  1.  If  more  precision  is  desired  a second 
model  should  be  machined  as  shown  in  Fig.  2,  with  a fillet  shape  corre- 
sponding to  the  one  obtained  by  filing  and,  if  necessary,  further  refinement 
can  be  obtained  by  applying  the  same  operation  of  filing  to  the  second  mode]. 
In  the  two  cases  reported  above  the  optimum  shape  is  obtained  after  only 
slight  changes  in  geometry. 

From  a practical  point-of -view  a further  consideration  should  be  made. 

It  has  been  found  that  frequently  the  optimum  fillet  shape  can  be  fitted 
with  two  or  more  circles  so  that  neigliboring  circles  have-  common  tangents. 


Cr i 1 cr i i 

The  definition  of  the  problem  requires  the  specification  of  the  con- 
straints imposed  by  the  design.  In  the  two  cases  mentioned  above  the 
optimization  was  obtained  with  very  little  change  in  geometry.  That  was 
all  that  was  permitted  by  the  functional  requirements.  Of  course,  the 
optimization  problem  may  have  several  answers  if  the  functional  requirements 
permit  appreciable  changes  in  design. 

An  improved  design,  obtained  following  the  procedure  outlined  above, 

always  brings  the  stress  concentration  value  down.  However,  it  may  not 

always  be  clear  whether  the  design  is  optimum.  It  is  proposed  here  that 

the  "degree  of  optimization"  be  evaluated  quantitatively  as  a coefficient 

,r.  For  the  case  where  the  tangential  stress  o is  of 
ef  f t 
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of  efficiency,  k 


the  s.imo  .s  Lj'.ii  all  along  the  boundary,  k 


can  be  defined  as 
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where  o „ . represents  the  ni.iximum  allowable  stress  and  S,  and  S,,  are  the 
ilit  I U 

limiting  points  along  the  boundary.  For  the  case  of  both  tensile  and  com- 
pressive stresses,  k^^^  is  computed  as  a weighted  average  of  the  efficiency 
factors  along  tlie  tensile  and  compressive  portions  of  the  boundary.  Taking 
the  weighting  factor  in  terms  of  boundary  lengths  yields 


where  tlic 
pressive 
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1 + , 
o^ds 
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0^ds 
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f^i  +,  r^2 

^0  , *^^1 


eff  S -S 

■ “aJl«,  “a££ 

positive  and  negative  superscripts  refer 
stresses  respectively  • 


S^-S 

s^-s 


1, 
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to  tensile  and  com- 


A coefficient  of  efficiency  equal  to  one  is  a limiting  case  and 
corresponds  to  a boundary  without  stress  concentration,  subjected  every- 
where to  the  same  stress.  The  circular  hole  in  a liydrostatic  field  is 
an  example.  Tlie  closer  k^^^  is  to  one,  tlie  more  efficient  the  design. 
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lilt’  criLcri.i  l«>r  dpi  iitii /.ii.  ion  will  depend  on  the  criterion  for  fnilure. 
l!  tlie  boundary  to  be  optimized  is  subjected  to  both  positive  and  negative 

I 

stresses,  tiie  Integration  along  the  boundary  should  be  conducted  using  j 

absolute  values  for  the  stresses.  If  the  component  is  designed  for  a 
material  tliat  has  the  s;ime  allowable  maximum  stress  under  tension  as  under 
compression,  the  ideal  shape  would  have  equal  values  for  both  peak  stresses,  the 
tensile  and  the  compressive.  If,  as  is  the  case  for  brittle  materials,  the 
maximum  allowable  tensile  stress  is  only  a fraction  of  the  maximum  allowable 
compressive  stress,  the  ratio  between  the  two  peak  stresses  in  the  optimum 
design  would  be  the  same  as  the  ratio  of  the  two  allowable  maximum  stresses. 

The  redesign  of  a circular  tube  or  ring,  to  optimize  the  inside 

I 

i 

boundary,  will  be  used  as  example  of  the  application  of  the  criteria  and  i 

the  procedure  mentioned  above.  The  problem  has  application  in  the  field  of 
tunnel  and  pipe  design,  but  it  will  be  presented  mainly  ns  an  academic 
pinlilrm  Id  i I I ns  I I',  i I i • I he  melliDd.  Il  will  he  assumed  I ha  L Ihe  iiialerial  I o 

be  used  in  the  manufacture  of  the  tube  has  the  same  maximum  allowable  !' 

tensile  and  compressive  stresses.  Another  example  to  be  shown  will  be  the 

case  of  a thin  straight  bar  of  rectangular  cross-section.  The  bar  has  a trans- 

verse circular  hole  and  is  subjected  to  axial  loading.  The  optimization 

will  be  conducted  for  a different  allowable  stress  in  tension  and  in  ! 

compression. 


The  Ring  Under  Diametral  Compression 

The  circular  ring  subjected  to  diametral  compression  has 
object  of  many  experimental  analyses  (see  among  others  (21)). 
paper  it  is  planned  to  study  parametrically  the  properties  of 
the  ratio  between  the  outside  and  inside  diameters  varies  and 


been  the 


In  a future  i 

the  ring  as  ' 

I 

I 

to  attempt 


J 


7 


I 
f 
f 

II 


I. 

I . 


( 


: 


— — n 

optimizaLioii  of  tlio  inside  boundary  for  the  wliole  range  of  thickness.  In 
this  paper  the  procedure  will  be  illustrated  for  the  case  — = 0.53.  The 
constraints  of  the  problem  are:  a)  tlie  outside  boundary  has  to  be  kept 
circular;  b)  the  inside  boundary  has  to  clear  the  circle  of  diameter 
0.53  OD;  c)  the  allowable  maximum  stress  for  tension  is  the  same  as  for 
compression. 

Optimization  of  tlic  Ring  i 

Two  stress  concentration  factors  (taking  the  average  over  the 
horizontal  section  of  symmetry  as  reference)  are  of  particular  interest. 

The  one  of  compression  takes  place  at  the  intersection  of  the  inside 
boundary  with  the  horizontal  axis  and  tlie  one  of  tension  at  the  inter- 
section of  the  vertical  axis  with  the  same  boundary.  For  the  = 0.53 
ring  these  factors  are  6.0  and  6.6  respectively.  The  efficiency 
coefficient  is  0.587. 

Following  the  procedure  of  removing  material  from  low  stress  regions 

the  shape  shown  in  Fig.  4 was  developed.  Photoelastic  analysis  of  the 

pattern  indicates  that  both  stress  concentration  factors  have  decreased  to 

5 and  the  efficiency  coefficient  has  increased  to  0.952.  The  tensile 

stress  concentr.ition  which  is  the  governing  one  in  many  designs  has  been 

decreased  by  nearly  25%.  The  saving  in  the  weight  of  the  material  used 

is  10%.  I 

t 

Till'  stri'ss  (I  i si  ribut  ion  over  Ihe  inside  boundary  for  the  circular  ring 
and  for  the  optimized  geometry  is  sliown  in  Fig.  5. 

The  empirically  developed  inside  geometry  has  been  fitted  with  a 
combination  of  circles  of  different  diameters  and  common  tangents  at  the 
points  of  intersections.  The  geometry  of  the  optimized  shape  is  shown  in 
Fig.  6. 
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The  improveinoiit  obtained  in  the  strenjjth  oC  rings  designed  using 
optimized  inside  boundaries  lias  been  determined  by  bre.iking  three  plain 
eircular  rings  and  tliree  optimized  rings,  made  oi  U.5  in.  tliick  Homelite 
100  plates.  The  increase  in  strength  was  20.6%.  The  range  of  values  of 
eacli  set  of  measurements  was  limited  by  a variation  of  + 6%  of  the 
average. 

The  Perforated  Plate  Under  Axial  Loading 

In  industrial  applications  a plate  may  have  to  he  perforated  for 
different  reasons:  to  permit  the  passage  of  anotlier  component  (a  bar  for 
instance)  or  to  make  the  plate  lighter,  and  still  sufficiently  rigid.  In 
the  case  of  walls,  or  tunnels,  the  perforation  is  a passage.  Frequently 
the  geometry  given  to  the  perforation  is  circular,  but  for  functional 
requirements  the  perforation  may  be  square,  or  rectangular. 

iiu'  inaximiiiii  ^ilr('S;^  on  tiu'  cilgc  of  the'  circiil.ir  hole'  takes  place  at 
the  transverse  cross-section  and  for  the  very  wide  plate  its  order  is  3 

when  the  stress  on  the  gross  area  is  taken  as  reference.  A stress  of 
opposite  sign,  of  order  I,  on  the  edge  of  the  hole  takes  place  at  the 
longitudinal  axis.  As  the  width  of  the  plated  decreases  in  relation  to 
the  diameti’r  of  the  hole,  those  values  of  stresses  increase.  If 
material  used  for  the  plate  is  metal,  and  the  plate  is  subjected  to 
axial  tensile  load  ing,,  p^,i„Ls  on  llie  edge  of  the  houndary  near  the  trans- 
verse cross-section  are  much  closer  to  failure  than  those  near  the 
longitudinal  cross-section  (unless  buckling  is  involved).  If 
the  problem  is  a tunnel  under  compressive  load,  atid  the  material  used  is 
brittle,  the  points  at  the  longitudinal  axis  may  fail  under  tension,  much 
before  those  at  the  transverse  axis  would  fall  under  compression.  Similar 
considerations  can  be  applied  to  the  square  hole,  the  situation  being  more 
complicated  because  of  the  possible  appearance  of  concentrations  at  the 
corners . 


9 


; rill'  II|)L  i mi /Ml  i nil  nl  this  iy|'n  nl  ilj  scout  inu  i ty  depends  on  the  relation 

i 

between  the  wiilth  W ol  llie  plate  and  the  diameter  I)  of  the  hole,  and  on  the 
relative  allowable  turess  ot  tlie  material  under  tension  and  compression. 

The  optimization  procedure  will  be  illustrated  for  the  ease  — = 0.6  The 
const ralnls  of  the  problem  are:  a)  the  inside  boundary  has  to  lie  inbetween 
the  circle  of  diameter  L)  and  the  square  of  side  L);  b)  the  allowable  mazimuiii 
stress  for  compression  is  2.3  times  tlie  allowable  stress  for  tension  (case 
of  some  brittle  materials). 

Optimization  of  the  Hole  in  the  Plate 

The  stress  concentration  factors  (taking  the  average  over  the 
transverse  gross  area  reference)  are  of  particular  interest. 

The  one  at  tlie  transverse  axis  is  5.1  for  the  circular  hole,  and  3.77  for 
the  optimized  hole;  the  one  at  the  longitudinal  axis  is  2.2  for  tiie 
circular  hole  and  1.63  for  the  optimized  hole.  The  maximum  stresses  have 
been  rediici-d  by  2b2.  The  size  of  the  hole  has  been  increased  by  22.8%. 

The  efficiency  coefficient  of  the  circular  hole  is  54%.  The  efficiency 
coefficient  of  the  optimized  hole  is  90%.  I 

t 

Conclusion 

It  has  been  shown  that  two-dimensional  photoelasticity  can  be  used 
effectively  to  optimize  the  boundaries  of  plates  loaded  in  their  plane. 

The  concept  of  "coefficient  of  efficiency"  has  been  introduced  to  evaluate 
the  degree  of  the  optimization.  TVio  illustrative  problems  have  been 
solved:  a circular  tube  (or  ring)  under  diametral  compression  and  a 

perforated  plate  loaded  axially.  The  efficiency  coefficient  of  the  tube 
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lii'i'it  iiii  iiMrit'ti  I riiiii  Li)  0 . 9 b2 y und  Lhc  one  of  tlie  plute  froro 

0.54  Lo  0.90.  In  both  cases  tlio  maximum  stress  lias  been  decreased  by 
abi'iit  23:;.  I’lie  wei^jlit  of  tlie  ring  has  been  reduced  by  10%  and  the  size  of 
the  lii'le  of  Llio  plate  has  been  increased  by  about  23%.  Hie  increase  in 
the  streni’th  ol  the  ring  made  of  a brittle  material  was  20.6%. 
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